Abstract: Some of the experimental designs can be composed of replicated response measures in which the replications cannot be identified exactly and may have uncertainty different than randomness. Then, the classical regression analysis may not be proper to model the designed data because of the violation of probabilistic modeling assumptions. In this case, fuzzy regression analysis can be used as a modeling tool. In this study, the replicated response values are newly formed to fuzzy numbers by using descriptive statistics of replications and golden ratio. The main aim of the study is obtaining the most suitable fuzzy model for replicated response measures through fuzzification of the replicated values by taking into account the data structure of the replications in statistical framework. Here, the response and unknown model coefficients are considered as triangular type-1 fuzzy numbers (TT1FNs) whereas the inputs are crisp. Predicted fuzzy models are obtained according to the proposed fuzzification rules by using Fuzzy Least Squares (FLS) approach. The performances of the predicted fuzzy models are compared by using Root Mean Squared Error (RMSE) criteria. A data set from the literature, called wheel cover component data set, is used to illustrate the performance of the proposed approach and the obtained results are discussed. The calculation results show that the combined formulation of the descriptive statistics and the golden ratio is the most preferable fuzzification rule according to the wellknown decision making method, called TOPSIS, for the data set. 
Introduction
Statistical regression analysis is the most important tool used by researchers for modeling of the relationship among the response and input variables, and also important for making predictions with minimum error. However, in many real life problems, classical regression analysis cannot be used for model building phase properly due to violation of probabilistic modeling assumptions, which are necessary for statistical inference through ANOVA techniques, e.g. data set has small size, or the errors are not normally distributed, or the relationship between response and input variables has imprecision, or there is uncertainty about the variables different than randomness. There are some cases where the response values cannot be identified exactly. One of these cases is that the response may be composed of replicated measures where the qualification of the response has uncertainty. When there is uncertainty about a number it can be modeled as a fuzzy set in which case it is called a fuzzy number, firstly introduced by Zadeh [1] .
In the literature, the application of fuzzy approach in regression analysis is roughly divided into two categories: (i) Tanaka's Linear Programming (LP) approach [2] , and (ii) Diamond's Fuzzy Least Squares (FLS) approach [3] . Later on, many studies have been done about fuzzy linear regression and its application. A detailed review on fuzzy regression can be found in [4] . In recent years, some studies have been carried out about modeling of replicated response measures in fuzzy framework. Bashiri and Hosseininezhad [5] is proposed a methodology for optimizing multi response surface in robust design by applying fuzzy set theory and replicated response measured data set is used to illustrate the proposed methodology. And also, Bashiri and Hosseininezhad [6] is developed an approach to multiple response optimization for responses without replicates and with some replicates based on fuzzy concept. Türkşen and Apaydın [7] proposed a modeling approach based on FLS method by using triangular type-1 fuzzy numbers (TT1FNs) for multi response experiments with replicated response measures. Türkşen and Güler [8] applied fuzzy logic based modeling approaches, e.g. FLS Regression, Switching Fuzzy CRegression (SFCR), and Takagi-Sugeno (TS) fuzzy model, on replicated response measured data set and calculated prediction performance of modeling approaches. It is seen that the SFCR gives the better prediction performance according to the root mean square error (RMSE) criteria. Türkşen and Kocadağlı [9] applied triangular type-2 fuzzy numbers for representation of replicated response measures as fuzzy numbers. And also, FLSR is used for estimating of fuzzy model coefficients. Türkşen [10] used Bayesian and fuzzy approaches to model the data sets with replicated response measures.
Comparison of modeling approaches are evaluated by interval arithmetic metrics. In these papers, replicated response measures are transformed to a fuzzy number by using descriptive statistics for each observation unit. In fact, the replicated measures cannot be quantified exactly. Besides, replicated values are different from each other which cause uncertainty different than randomness. Therefore, the natural structure of replicated measures should be taken into account to represent the uncertainty of replicated values properly.
In this study, data structure of the replicated response measures is taken into account for fuzzification of the replicated measures in order to apply fuzzy modeling from a new perspective. For this purpose, descriptive statistics of the replicated response values are used to form response as TT1FNs. Thus, the uncertainty of the replicated response measures is defined according to the character of the replications in statistical manner. Also, in the study, golden ratio, derived from Fibonacci series, is combined with descriptive statistics and it is used to transform replications to the TT1FNs. The main purpose of the study is demonstrating the importance of fuzzification of replicated measures for fuzzy modeling of the data set. It is possible to say that using descriptive statistics with golden ratio gives appropriate fuzzification approach for replicated measured data set according to the RMSE criteria. The paper is organized as follows: In Section 2, fuzzification of replicated measures is given in detail with a brief description about FLS regression. In Section 3, a real data set in the literature is used to illustrate the applicability of the proposed fuzzification approach with comparison results. Finally, discussion and conclusion are given in Section 4.
Material and Method

Design of replicated measures
In modeling stage of an unknown response, the first basic step is data gathering and proper design of experimental data. Sometimes, the design of the data may be composed by using the replicated measures of the response as given in Table 1 . 
X
In Table 1 , n denotes the number of experimental units and r is the number of replications for the response. It should be noted that each replication is measured for each setting of a group of p input variables. One of the main aim for the experimental data set, designed in Table 1 , is modeling of the data set as a function of input variables and replicated response measures. In order to model the replicated data set properly, the uncertainty of the nature of the replicated response measures should be taken into account. For this purpose, in this study, TT1FNs are used to represent vagueness of the replicated response values.
Triangular type-1 fuzzy numbers (TT1FNs) and some basic operators
One of the most useful representation of fuzziness is defining a membership function for the data set.
The shape of membership function, e.g. triangular, trapezoidal, Gaussian, helps to classify the fuzzy numbers. In this study, TT1FNs are preferred to use due to easiness of mathematical calculations.
A type-1 fuzzy set A is a set function on universe DA into [0,1], e.g.
When the uncertainty is modeled using a type-1 fuzzy set it is called a type-1 fuzzy number. Let A be a fuzzy set in R. A is called a type-1 fuzzy number if: (i) A is normal, (ii) A is convex, and (iii) A has a bounded support [11] .
The MF formula for TT1FN is given below Addition:
Fuzzification of replicated response measures
In order to apply fuzzy modeling approach to replicated data set, the replicated response measures should be represented as fuzzy numbers. For this purpose, in this study, replicated measures are transformed to the TT1FNs through the descriptive statistics and the golden ratio. The proposed fuzzification rules are given in detailed.
Let the matrix of observed replicated response measures be 
where n denotes the number of units and r denotes number of replications for each unit. 
Thus, the fuzzy responses
,2,…,n, are obtained by using different fuzzification rules for each unit as shown below: is assumed as the spread for fuzzification of the replicated response measures to obtain an interval similar as a 95% confidence interval.
Rule-2:
where ( Rule-4:
where i R is called as the range and is obtained by substracting the smallest observation from the largest observation for each unit, i.e.
Here,  is the golden ratio and taken equal to 0.618. The golden ratio, also sometimes called golden section, golden mean, golden number, divine proportion, divine section, golden proportion, is the limit of consecutive Fibonacci numbers, detailed information can be seen in Dunlap [12] , that is 
in which i IQR is interquartile range of replicated response measures for each unit.
Fuzzy least squares regression
A general form of the fuzzy linear regression model, used in this study, can be given as  YX βε (9) where the observed response values, model coefficients and errors are assumed as TT1FNs, denoted as 12 ... 
It is clear that Equation (11) gives sum of squared errors. The root mean of sum of squared error terms, RMSE, is preferred to use as a criteria to evaluate the prediction performances of the fuzzy regression models whose response values are composed with the proposed five fuzzification rules of the replicated response measures.
Results
In this section, a well-known data set, wheel cover component data set, is chosen from the literature. It is originally given in Harper et al. [13] . The purpose of the data set is to determine the effects of seven injection molding input variables (denoted as 1 2 7 , ,..., X X X ) on the equality characteristics of the component which are considered as responses. These are measured by the total weight and the balance which are denoted as [8] . The experimental data set is given in Table 2 . The boxplots of the replicated response measures for each unit are given in Figure 1 and Figure 2 for the first and the second responses, repectively.
It is clear to say from Figures 1-2 that the replicated response measures are not symmetrically distributed. The replications have skewed distribution. Therefore, R, IQR and med values of replications will provide more information to construct triangular fuzzy response values. The data sets with the fuzzy response values, composed according to the five fuzzification rules, are given in Table 3 . Predicted fuzzy model parameters are obtained by minimizing the objective function, given in Equation (10) Y and 2 Y , and presented in Table 3 . If someone wants to use the same fuzzification rule for both responses, a compromise fuzzification rule must be chosen among the proposed five rules. In this case, a multi criteria decision making (MCDM) approach should be applied to the RMSE values, given in Table 3 . For this purpose, a MCDM approach, TOPSIS method, presented in [14] , is preferred to use. Here, the fuzzification rules and responses are considered as alternatives and criteria, respectively. The working principle of the TOPSIS is that the chosen compromise solution among the alternative solutions should have the shortest distance from the positive ideal solution and the farthest distance from the negative ideal solution. By assuming that the both responses have equal importance, relative closeness vector of the fuzzification rules with respect to positive ideal solution is     
Discussion and Conclusion
In this study, fuzzy regression analysis based on FLS approach, is used for modeling of the replicated response measured data set. In order to apply fuzzy modeling, replicated response measures are transformed to TT1FNs by using newly proposed fuzzification rules, based on descriptive statistics and golden ratio. In the present study, the uncertainty of the replicated response measures is handled in fuzzy framework by taking into account to the data structure of replications via statistical data mining. Proposed rules for fuzzification of replicated response measures and fuzzy modeling approach are demonstrated on a real experimental data set which is defined in the literature. The RMSE values of predicted fuzzy responses are calculated for prediction performances of the predicted fuzzy models in which the observed responses are fuzzified by using fuzzification rules. Calculation results show that the compromise fuzzification rule, decided through the TOPSIS method, is obtained by combining descriptive statistics and golden ratio for the wheel cover component data set. 
